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SOME REMARKS NEAR-P-POLYAGROUPS
AND POLYAGROUPS

Janez USan and Malisa Zizovié¢*

Abstract. In this paper the Hosszi—Gluskin Theorem for
near- P-polyagroups (polyagroups) is proved.

1. Introduction

1.1. Definition [1]: Let n > 2 and let (Q, A) be an n—groupoid. We say
that (Q; A) is a Dornte n—group [briefly: n—group] iff is an n—semigroup
and an n—guasigroup as well. (See, also [12].)

1.2. Definition (c¢f. [9],[10]): Let k > 1, s > 1, n=Fk-s+ 1 and let (Q; A)
be an n—groupoid. Then: we say that (Q; A) is a polyagroup of the type
(s,n — 1) iff the following statements hold:

1° For all i,j € {1,...,n} (i < j) if i = j(mod s), then < i,j >
—associative law holds in (Q; A); and

2° (Q; A) is an n— quasigroup.

1.3. Definition[11]: Let k > 1, s > 1, n = k-s+ 1 and let (Q;A) be
an n—groupoid. Then: we say that (Q; A) is a near-P-polyagroup [briefly:
N P—polyagroupjof the type (s,n — 1) iff the following statements hold:

°l For alli,5 € {1,...,n} (i < j)ifi,je{t-s+1t €{0,1,...,k}},
then the < i,j > —associative law holds in (Q; A); and

°2 For allie {t-s+ 1|t €{0,1,...,k}}, and for every a} € Q there is
exactly one x; € Q) such that the equality

A(ai_l,mi,a?_l) =ay,

holds. V)
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1.4. Proposition: Every polyagroup of the type (s,n — 1) is an NP-
polyagroup of the type (s,n —1). [ By Def.1.2 and by Def. 1.3.]

2. Auxiliary propositions

2.1. Proposition [8]: Let n > 2 and let (Q; A) be an n—groupoid. Then,
the following statements are equivalent: (i) (Q; A) is an n—group; (ii) there
are mappings ~' and e, respectively, of the sets Q"' and Q"2 into the set
Q such that the following laws hold in the algebra (Q; A,~1,e) [of the type
<nmn—1n-—2>]

(a) A(z} ™2, A(zp"3%), 220-1) = Ay~ A1),

(b) A(e(a}™?),a" 2%, 2) =z and

(c) A((a?2,a)7 1, a2, a) = e(a}?); and
(iii) there are mappings ~' and e, respectively, of the sets Q"' and Q"2
into the set Q such that the following laws hold in the algebra (Q; A, e) [of
the type <n,n—1,n—2>]

(@) A(A(a),27i7") = A, Ayt apish),

(b) A(x, a2 e(a}™?)) =z and

() Aa,ay™?, (a7~ a) ") = e(a] 7).
2.2. Remark: e is an {1,n}—neutral operation of n—groupoid (Q; A) iff al-
gebra (Q; A, e) [of the type < n,n — 2 >] satisfies the laws (b) and (b) from
2.1 [5]. Operation —1 from 2.1. [(c), ()] is a generalization of the inverse
operation in a group [6]. Cf. [12].

2.3. Definition[7]: We say that an algebra (Q; B, p,b) [of the type < 2,1,0 >
is a Hosszi-Gluskin algebra of order n (n > 3) [briefly: nHG—algebra]
iff the following statements hold:

(Q; B) is a group;

¢ € Aut (Q; B);

©(b) = b; and

For every x € Q, B(¢" 1(x),b) = B(b,x).
2.4. Proposition (Hosszu-Gluskin Theorem [2,3])[7]: Let (Q; A) be an n-

group, e its {1,n}-neutral operation (cf. 2.2) and n > 3. Let also, c?_Q be an
arbitrary (fized) sequence over a set Q, and let

def n—
B(x7 y) = A(x7 Cl 27 y)a
e(2)< Ale(e} ™), 2,¢172) and

def :—_
¥ Ae( )
for all x,y € Q. Then, the following statements hold:
(1) (Q; B, ,b) is an nHG—algebra; and
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(2) For every z7 € Q the equality

A(z}) = Bz, o(x2), .., " (2),b)?
holds.®)

2.5. Proposition [11]: Every N P—polyagroup has a {1,n}—neutral opera-
tion.
3. Results

3.1. Theorem: Letk > 1, s> 1, n=k-s+1, (Q; A) be an N P—polyagroup
of the type (s,n—1), e its {1 n}—neutral operation and'Y stands for sequence
1) (k) )

yih oyt e =y = k_ ] over Q. Also let &f™' be an arbitrary
(fized) sequence over a set Q Further on, let

def (js 1
(1) B(YI’ y A(l’, 1 ] 17y 1 7y)a

(2) (Y, 2)= Ale( yi L ,yi Dox, y e M2y and
s D] 1(k> 1 O TR
S S— s— — Ss—

(3)b(Y)=A(e( yi ¢ |j=1y1 0 |ime( ¥l e |52y T )

(1) (k)
for all z,y,y |~ Loy Tl € Q. Finally, let for all z,y € Q

( ) BY(x7y>d;fB<Yamvy)a
@) ¢y (@) p(Y,2) and
3) by Zb(),

where Y is an arbitrary (fized) sequence over Q. Then, the following state-
ments hold:
(1) For all sequence Y over Q (Q; By, py,by) is an (k+1)HG—algebra;

and
(1) (k)
(i) For all 2% y 571 ..y 571 € Q the following equality holds
()

AC 2y 370 [ E o) =

k+1 &

B (Y,.Tl, Y?SD(Y: .’EQ), s 7Y7 ‘2 (Y7 xk‘+1)7 Y7b<Y>)7
where (,oldif(,o and for all x € Q, for all sequence Y over QQ and for every

i€ N o (Y, 2)H (v, (v, 2)).

1 e t+1 _ e t _ _
BE B and B (o TV E BB, 2DV e N of. [12], VI6.

3)The formulation and the proof of the theorem follow the idea of E.I. Sokolov from [4].
See, also [12]; Chapter IV and Appendix 2.
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Proof. Firstly, we observe that under the assumptions the following state-
ments hold
1° Let Y be an arbitrary (fixed) sequence over a set (). Also let

(4) A A( 2y el
1 = Y1 j:1a$k+1)

for all z¥7! € Q. Further on, let ¢"~2 be an arbitrary (fixed) sequence over a
set Q. Then (@Q;A) is an (k + 1)—group;
2° Let (Q; A) (k4 1)—group from 1°. Also let

n—2\def (j)s—l ‘ k—l(k)s—l
(5) E(ai™")=e( y 7 .qj j=1>Y1 )

for all "% € Q. Then E is an {1, k+1} —neutral operation of the (k+1)—group
(Q; A); and

3° Let (Q; A) (k+ 1)—group from 1°. Then:

30 (Q; By, ¢y, by) is an (k + 1) HG—algebra; and

k+1
3; A(:L’If+1> = By (z1,0y (22),..., 0% (2141), by ) for all :U’f“ € Q.
The proof of 1° : Def. 1.1 and by Def. 1.3.
Sketch of the proof of 2° :

A(E(a} ), a7 %, 0) ZA el y Tha |yt el )

=zx.
Whence, by Def. 1.1, Prop. 2.1 and by Rem. 2.2, we obtain 2°.
Sketch of the proof of 3°:

a9V W
BY(xvy) - A(l" yl acj j:lvyl 7y)

(4) —
=A(z, )" y),
5 () (k) 1) ()
(2),(2) o— - s s o
@Y(x) :A(e( Yq lacj ?:%7y1 1)ay1 1,I’, Y1 170]71 ?:2)
(5) k—1 (1)3 1 (j)sfl k
:A<E(Cl )7y 1 %, Yq 7Cj—1 J:2)
(:)A(E(clf_l),:c,c]f 1) and
2 (7) (k) (4) (k)
3),06) - o1 | e a W
bY :A< e( Y1 1acj f 117y 1 ! f 1176( Y 1acj ?le,y 1 1))
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Whence, by Prop. 2.4, we obtain 3°.

In addition, by 3°, since Y is an arbitrary sequence over ), we conclude
that the statement (7) holds.

Finally, by 3°/3; ], (1)—(3) and (1)—(3), since Y is an arbitrary sequence
over (), we obtain also (#i). O

By Th.3.1 and by Prop.1.4, we have:

3.2. Theorem: Let k > 1,s > 1,n = k-s+ 1,(Q; A) be an polyagroup of

the type (s,n — 1),e its {1,n}—neutral operation and Y stands for sequence

1) (k) ()

yih Ly =yt ;?:1] over Q. Also let clf_l be an arbitrary (fized) se-
1) (k)

quence over Q. Further on, let (1)—(3) from Th.3.1 for all x,y,y ‘f_l, ce Y i_l IS

Q. Finally, let for all x,y € Q (1) — (3) form Th.3.1, where Y is an arbitrary

(fized) sequence over Q. Then, the statements (i) and (ii) from Th. 3.1 hold.
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